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Abstract: Neutrino oscillations with three families of leptons are described with the help of a
unitary neutrino mixing matrix U in analogy to the Standard Model quark mixing with the CKM
matrix. If U contains a nontrivial phase and if all three neutrino mass eigenstates have a different
mass, there will be CP- and T-violating asymmetries at distances L which are large compared to
E/D2, where D2 is the largest difference of neutrino mass squares. We give explicit expressions
for these L-dependent asymmetries in a frame which is able to describe the present solar and at-
mospheric oscillation observations.
The recent strong evidence for neutrino oscillations in atmospheric neutrino production
[1] has amplified the interest in the basic properties of these oscillations. The observed
strength of the neutral weak interaction of atmospheric neutrinos, in the π0/e ratio [2],
does not require the assumption of sterile neutrinos but allows a complete description in
an extended Standard Model of elementary particles.
Without changing anything in the principles of the model, the extension can easily be
made by adding three SU(2) singlets of right-handed neutrinos — νeR, νµR, and ντR —
to the set of elementary fermions. This leads to a fourth mass matrix Mν in addition
to Mℓ, MQ, and Mq for charged leptons ℓ, up- and down-type quarks Q and q. The
diagonalization of Mℓ leads to the Yukawa term meee+mµµµ+mτττ in the Lagrangian,
and Mν cannot be diagonalized at the same time. The SU(2) partners of e, µ, and τ have
to be linear superpositions of mass eigenstates ν1, ν2, and ν3. In very close analogy to
the CKM matrix of quark mixing [3, 4], the right-handed neutrino singlet fields require a
unitary transformation U between the two triplets in family space,
ν ′ =


νe
νµ
ντ

 and ν =


ν1
ν2
ν3

 .
For experimental convenience, U should be defined for the neutrinos and not for the
charged leptons, i. e.
ν ′ = U ν, U =


Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

 , ν = U† ν ′, ν ′ = U∗ ν, ν = UT ν ′,
in contrast to the quarks where it is completely arbitrary if V describes mixing of q and
q′ with mass-diagonal Q or mixing between Q and Q′ with diagonal q fields. Since the
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first publication of Kobayashi and Maskawa [4] we are used to the choice q′ = Vq, but
the opposite convention is preferred for leptons since only their charged components can
be directly detected.
The extended Standard Model has 25 free parameters. In addition to the conventional 18,
these are
m(ν1), m(ν2), m(ν3), ϑe2, ϑµ3, ϑe3, and ∆,
where we have parametrized U as
U =


1 0 0
0 cµ3 sµ3
0 −sµ3 cµ3




ce3 0 se3e
−i∆
0 1 0
−se3ei∆ 0 ce3




ce2 se2 0
−se2 ce2 0
0 0 1


with 0 ≤ ϑij ≤ π/2, cij = cos ϑij, sij = sinϑij , and 0 ≤ ∆ < 2π in complete analogy to
the parametrisation of V by the Particle Data Group [5]. If all three masses m(νi) are
different from each other, if all three mixing angles are different from 0 and from π/2,
and if ∆ is different from 0 and from π, it is impossible [6] to get a real matrix U by
rotating lepton field phases. The extended Standard Model then gets the possibility of
showing T-violating and CP-violating effects in the lepton sector, the strengths of which
are proportional to the phase-rotation invariant quantity [6]
J (ν) = sµ3 se3 se2 cµ3 c
2
e3 ce2 sin∆ .
For any i, f, k, l (without summing), this quantity is given by [6]
J (ν) = Im(UikUflU
∗
ilU
∗
fk) ·
∑
α,β
ǫifαǫklβ .
T-and CP-violating effects require these phase-rotation invariant combinations of four mix-
ing matrix elements in the pertinent amplitudes. We investigate their possible presence
in the following.
At its time of production by a W-boson, a neutrino is given by
ν ′i =
3∑
j=1
Uij νj
with i = e, µ, or τ . After a distance L, this neutrino disappears by creation of a charged
lepton f = e, µ, or τ . The probability for this process is
P (i→ f) = Pfi = |
3∑
j=1
UijU
∗
fj e
−im2
j
L/2E |2.
At small distances, Pfi = δfi because of UU
† = 1. We now order the mass eigenstates by
increasing mass and abbreviate
m22 −m21 = d2, m23 −m21 = D2.
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Present observations by Super-Kamiokande [1] and by the various solar neutrino disap-
pearance experiments [7] indicate
d2 ≈ 5 · 10−6eV2 ≪ D2 ≈ 3 · 10−3eV2 ,
where the value for d2 follows from the best fit with the small angle solution including the
MSW effect [8].
For a given neutrino energy E, the first distances with observable oscillations are of the
order L = o(L2) with
L2 = E/D
2.
At these distances, we can approximate d2 ≈ 0 and get
Pfi = |Ui1U∗f1 + Ui2U∗f2 + Ui3U∗f3 e−iD
2L/2E |2.
Because of the unitarity of U, this is
Pii = |(1− |Ui3|2) + |Ui3|2e−iD2L/2E |2
= 1− 4|Ui3|2(1− |Ui3|2) sin2(D2L/4E),
and for f 6= i
Pfi = |Ui3|2|Uf3|2|1− e−iD2L/2E |2
= 4|Ui3|2|Uf3|2 sin2(D2L/4E).
Both expressions, for f = i and f 6= i, depend only on two mixing matrix elements and not
on terms of the form UikUflU
∗
ilU
∗
fk. Hence, there are no CP- or T-violating observations
at distances L = o(L2). Because of |Uij |2 = |U∗ij |2 we have
Pfi = Pfi and Pif = Pfi ,
where Pfi denotes the probability for the transition νi → νf . The situation changes if L
increases and approaches
L3 = E/d
2 .
Here we have
Pfi = |Ui1U∗f1 + Ui2U∗f2 e−id
2L/2E + Ui3U
∗
f3 e
−iD2L/2E |2
=
3∑
j=1
|Uij |2|Ufj |2 + 2Re[Ui1Uf2U∗i2U∗f1 eid
2L/2E
+Ui1Uf3U
∗
i3U
∗
f1 e
iD2L/2E + Ui2Uf3U
∗
i3U
∗
f2 e
i(D2−d2)L/2E ]
which contains three obviously CP-violating contributions if f 6= i. The disappearance
experiments give CP-symmetric results; for f = i we have
Pii =
3∑
j=1
|Uij |4+2|Ui1|2|Ui2|2 cos d
2L
2E
+2|Ui1|2|Ui3|2 cos D
2L
2E
+2|Ui2|2|Ui3|2 cos (D
2 − d2)L
2E
3
= 1− 4[|Ui1|2|Ui2|2 sin2 d
2L
4E
+ |Ui1|2|Ui3|2 sin2 D
2L
4E
+ |Ui2|2|Ui3|2 sin2 (D
2 − d2)L
4E
]
with the property
Pii = Pii .
For further discussion of the CP-asymmetries in the appearance experiments, it is conve-
nient to introduce factors pifm and phases αifm with m = 1, 2, 3, defined as
UikUflU
∗
ilU
∗
fk =
3∑
m=1
ǫklm pifm e
iαifm .
The real parts are pifm cosαifm, depending on i and f , but independent of the sequence
of ifkl. The imaginary parts are +J (ν) for ifkl = eµ12 and all cyclic permutations, but
−J (ν) for all other permutations. In terms of these factors and phases, the appearance
rates are
P (i→ f) = Pfi =
3∑
j=1
|Uij |2|Ufj |2 + 2
3∑
m=1
pifm cos(
d2mL
2E
+ αifm)
= −4
3∑
m=1
pifm sin
d2mL
4E
sin(
d2mL
4E
+ αifm) ,
with d21 = D
2 − d2, d22 = D2, and d23 = d2. The CP, T, and CPT symmetry properties of
these rates are easily seen; we obtain
Pfi = Pif = −4
3∑
m=1
pifm sin
d2mL
4E
sin(
d2mL
4E
− αifm) ,
which is different from Pfi if at least one of the three phases αifm is different from 0 and
π. In that case, CP and T are violated, but CPT is conserved.
When we approach L = o(L3), we have to average over two cosine terms if D
2 ≫ d2 and
if the energy resolution is limited. We obtain in this case
Pfi =
3∑
j=1
|Uij |2|Ufj |2 + 2 pif3 cos(d
2L
2E
+ αif3) .
In contrast to L = o(L2), as shown above, there remain CP and T violating effects at
L = o(L3).
It is straightforward to construct T- and CP-violating asymmetries. For the general case
with L between L2 and L3, they are
Afi =
Pfi − Pif
Pfi + Pif
=
Pfi − Pfi
Pfi + Pfi
=
∑3
m=1 pifm sinαifm sin(d
2
mL/4E) cos(d
2
mL/4E)∑3
m=1 pifm cosαifm sin
2(d2mL/4E)
.
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For if = eµ, µτ , and τe, the three contributions pifm sinαifm in the numerator are equal
to the invariant quantity J (ν) of the neutrino CKM matrix, leading to
Afi = J
(ν)
∑
m sin(d
2
mL/4E) cos(d
2
mL/4E)∑
m pifm cosαifm sin
2(d2mL/4E)
.
For if = µe, τµ, eτ , the asymmetries have, obviously, the opposite sign. All asymmetries
Afi depend on the same property J
(ν) of the neutrino CKM matrix, a result which can
be found with the same simplicity in the CP violating effects of the meson sector [6].
Present experiments [1, 7] have still very large errors on ϑe2, ϑµ3, and ϑe3; but they permit
to set an upper limit on J (ν). With sµ3 ≈ cµ3 ≈ 1/
√
2, se2 ≈ 0.04, and se3 < se2, we
obtain
|J (ν)| < 8 · 10−4 ,
whereas the quark sector has the property J ≈ +3 · 10−5 [9] if CP violation in K0K0
oscillation has its origin in a complex quark CKM matrix. The small upper limit on J (ν)
requires a large number of events in future neutrino oscillation experiments. This paper
does not aim to estimate numbers of events. Such an estimate would require, even without
assuming anything on the phase ∆, better knowledge on the angles ϑe2 and ϑe3.
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